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Abstract 

Let i^ be a a Lie group, modeled on a locally convex space, and M a finite-dimensional 
(-H , paracompact manifold with corners. We show that each continuous principal isT-bundle over 

Af is continuously equivalent to a smooth one and that two smooth principal Tf-bundles 
over M which are continuously equivalent are also smoothly equivalent. In the concluding 
section, we relate our results to neighboring topics. 
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This paper deals with the close interplay between continuous and smooth principal iiT-bundles 
over M, where K is a. Lie group modeled on an arbitrary locally convex space (following [Mi84| ) 
2 ' and M a finite-dimensional paracompact manifold with corners. The main point here is that 

r^ , there is no essential difference between the two concepts as long as one is only interested in 

equivalence classes of bundles (as one usually is) . 

We denote the set of equivalence classes of continuous i^-principal bundles over M by 
^\ ' Hl{M, K) and the set of equivalence classes of smooth iiT-principal bundles over M by Hl{M, K), 

which is only a nomenclature for now. Since each smooth principal bundle is in particular con- 
tinuous, we have a natural map Hl{M,K) — > H^{M,K). The question is whether this map is 
injective, surjective, or both. 

This question originates from twisted iiT-theory, where one deals with characteristic classes 
c G H^{X, li), describing twistings of ordinary X-theory as equivalence classes of principal PU(7i)- 
bundles over a topological space X. In the case of a smooth manifold M, one would like to assume 
these bundles to be smooth in order to construct a twisted Chern character 

ch: K-piM) -> H*{M,c), 
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where "P is a PU(H)-bundle over M, K-p{M) denotes the twisted X-theory of M, c e H^{M, Z) 
classifies V, and H*{M,c) denotes the c-twisted de Rham cohomology |MS06| . [ASPS) Section 
7]. This construction urgently needs compatible smooth structures on V, whose existence is 
frequently asserted to be well-known. However, there is no reference for this fact known to the 
authors of this paper, and it turned out in many discussions and communication with other 
people that this seems to be a fairly unknown issue. In the present paper, we fill this gap in the 
literature. Moreover, we show in the third section that twisted iiT-theory for smooth manifolds 
M also takes the smooth structure of M into account yielding a source for refined arguments 
from differential topology (as, e.g., the twisted Chern character or characteristic classes). 

This explanation is just a special instance of the more general observations, that smooth 
objects have more structure and invariants than continuous ones but constructions only yield 
continuous objects. Thus, one often wants resulting objects to be smooth, as in the case of equiv- 
ariant Brauer groups in |EEK06j and of obstruction classes in [LGW06J . Cocycles on spaces of 
smooth sections in C*-algebra bundles or Lie algebra bundles are such invariants, which come 
from the finer topologies one can put on these spaces. While twisted iiT-theory is an example for 
the C*-algebra case, the gauge algebra of a smooth principal bundle is an example for the latter. 

One approach to the above question is to introduce smooth structures on classifying spaces 
and to smooth classifying maps. As an example, the classifying space oi K — GL„ is isomorphic 
to the direct limit of the Grassmanians 

BGL„ ^ Gr„(oo) := limGr„(fc). 

Then |G105( Th. 3.1] provides a smooth manifold structure on B GL„, and one can smooth 
classifying maps as in ^Hi76t Th. 4.3.5] for the case of vector bundles or in Proposition [LT31 for 
arbitrary finite-dimensional principal bundles. In the infinite-dimensional case, the classifying 
space of the diffeomorphism group i?Diff(7V) for a compact manifold TV, which can be viewed 
as a nonlinear Grassmanian, can also be given a smooth structure ^KM97|, 44.21]. Although the 
results of this paper do not yield new insights for diffeomorphism groups for the latter reason, 
they justify once more the general interest in bundles with infinite-dimensional structure group, 
since general relativity possesses diffeomorphism-invariance, which might lead to appropriate 
gauge theories on principal Diff(A^)-bundles. Again, the topological invariants of Diff (A^) are 
quite limited (cf. [Be87i Sect. 7]). 

Smooth structures on classifying spaces are considered in [Mo79j . but only generalized de 
Rham cohomologies are constructed, and bundle theory is not discussed. However, a general 
theory for differentiable structures on classifying spaces seems to be missing. On the other hand, 
there exist partial answers to the above question arising from the comparison of continuous and 
analytic fiber bundles (cf. [Gr58j . [To67| and [Gu02| ). Since these considerations use strong con- 
straints on the structure group, e.g., its compactness in order to ensure a smooth structure on 
its classifying space, they cannot be used in the generality that we are aiming for. 

We now describe our results in some detail. In the first section, we recall the basic facts on 
continuous and smooth principal bundles with a focus on the description of bundles and bundle 
equivalences in terms of locally trivial covers and transition functions. Furthermore, we recall 
briefly the concept of differential calculus and the concept of manifolds with corners that we 
use in this text. In the end, we outline how to prove our results for finite-dimensional structure 
groups by using smooth structures on classifying spaces. 

The second section is exclusively devoted to the proofs of our main results and to their 
technical prerequisites. Lacking any smooth structure on classifying spaces in general, we have 
to employ totally different techniques coming from approximation results for Lie group-valued 
functions (cf. Proposition ll. 13| l . This enables us to smooth representatives of continuous bundles 
or bundle equivalences in combination with the fact that there is a large freedom of choice in 
the description of principal bundles by locally trivial covers and transition functions. In this 
way, we construct new representatives of bundles and bundle equivalences that satisfy cocycle or 
compatibility conditions on probably finer locally trivial covers, but which describe equivalent 
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objects. Since this technique uses heavily the local compactness of the base manifold, there seems 
to be no generalization of this method to infinite-dimensional base manifolds. Eventually, we 
discover that the existence of smooth equivalent bundles and smooth equivalences are a feature of 
convexity and continuity rendering further requirements on B K unnecessary. As it is explained 
in the last section, the following theorems assert the surjectivity and injectivity, respectively, of 
the map HUM, K) -> H^{M, K). 

Theorem (Smoothing Continuous Principal Bundles). Let K be a Lie group modeled on a locally 
convex space, M he a finite- dimensional connected paracompact manifold with corners and V be 
a continuous principal K -bundle over M. If C C M is closed and the restriction of V to some 
open neighborhood of C is smooth, then there exists an open neighborhood T of C such that the 
restriction V\rp extends to a smooth principal K-hundle V over M , in the sense that 'P\rp is a 
K-invariant open subset of V and the K-action and bundle projection from, V\j, extend to the 
ones on V . Furthermore, there exists a continuous bundle equivalence fl : P ^ P, which restricts 
to the identity on ri^^{T). 

Theorem (Smoothing Continuous Bundle Equivalences). Let V and V' be smooth principal 
K -bundles over the finite- dimensional connected paracompact manifold with corners M and let 
fl : P —> P' be a continuous bundle equivalence. If C ^ M is closed and fl is smooth on an open 
neighborhood of ri^^{C), then there exists an open neighborhood T of C and a smooth bundle 
equivalence fl : P ^ P' with ill , ,^. — W , ,^, . 

I)) i(T) Iri ^{T} 

In the third section, we relate our results to some neighboring topics. In particular, we show 
how bundles can be smoothcned out from submanifolds or can be glued together along collars. 
Furthermore, we line out the relations to non-abelian Cech cohomology and to twisted K-theory. 

I Principal Fiber Bundles 

In this section we provide the basic material concerning manifolds with corners and smooth and 
continuous principal bundles. 

Definition I.l (Continuous Principal Bundle). Let K he a. topological group and M be a topo- 
logical space. Then a continuous principal K-bundle over M (or shortly a continuous principal 
bundle) is a topological space P together with a continuous right action PxK ^ P, {p,k) i-^ p-k, 
and a map rj : P —> M such that there exists an open cover {Uiji^i of M, called a locally trivial 
cover, and homcomorphisms 

called local trivializations, satisfying prj^ o ilj = vl-n-'-iu) ^'^^ ^{P' ^) = ^ip) ' k- Here K acts on 
Ui X K hy right multiplication in the second factor. We will use the calligraphic letter V for the 
tuple {K,ri : P ^ M). 

A morphism of continuous bundles or a continuous bundle map between two principal K- 
bundles V and V' over M is a continuous map il : P ^ P' satisfying il{p ■ k) — fl{p) ■ k. Since 
P' / K = M = P/K, it induces a map fl'^ : M -^ M. We call ft a continuous bundle equivalence 
if it is an isomorphism and O"* — id^ . 

Remark 1.2 (Transition Functions). If P is a continuous principal iiT-bundle over M, then the 
local trivializations define continuous mappings fc^ : Ui HUj ^ K by 

(1) f^i"^(a;, e) • kij{x) ^ ilj^{x, e) for aU x e Ui D Uj, 
called transition functions. The kij satisfy the cocycle condition 

(2) kii{x) = e for all x E Ui and kij{x) ■ kj„{x) ■ kni{x) = e for all x £ Ui HUj r\U„. 
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On the other hand, if {Vi)iizj is an open cover and k = {kij)i_j^i is a collection of continuous 
maps kij : ViDVj ^ K that satisfy condition ^ , then 

Pfc := M {j} X Vj X K/ ^ with (j, x, k) ^ (j', x' , k') -i^ x ~ x and kj'j{x) ■ k = k' 

defines a continuous principal X-bundle over M. Here 77 is given by [«,x, A;] H' a;, the local 
trivializations by [(z,a;,fc)] ^^ [x^k] and the iiT-action by ([(i, a;, fc)], fc') ^-s- [{i^x^kk')]. We will 
write T'fe for a bundle determined by a collection {M,K, {Vi)i^i, {kij)ij^i). 
If fc arises from the local trivializations of a given bundle P as in IT} , then 

r!:P^Pfc, pK^[i,a,(p)]ifper;-i(C/,) 

defines a bundle equivalence between V and Vk whose inverse is given by [i, x, k] t-^ fl^ {x, k). 

Definition 1.3 (Differential Calculus on Locally Convex Spaces), (cf. |GN07p Let E and F be 
locally convex spaces and [/ C _E be open. Then /:[/—> P is called continuously differentiable 
or C^ if it is continuous, for each v ^ E the differential quotient 

df{x).v := lim -(/(a; + hv) - f{x)) 

exists and the map df : U x E —f F is continuous. For n > 1 we, recursively define 

d''f{x).{vi, ...,Vn):= lim i (d"-V(^ + h).ivi, . . .,Vn-i) - d''-' f{x).{vi, ..., «„)) 

and say that / is C" if d'^f : U x E'' ^ F exists for all A; = 1, . . . , 71 and is continuous. We say 
that / is C°° or smooth if it is C" for all n e IN. 

Definition 1.4 (Lie Group). From the definition above, the notion of a Lie group is clear. It 
is a group which is a smooth manifold modeled on a locally convex space such that the group 
operations are smooth. 

Remark 1.5 (Convenient Calculus). We briefly recall the basic definitions of the convenient 
calculus from [KM97| . Again, let E and F be locally convex spaces. A curve f : H ^ E is 
called smooth if it is smooth in the sense of Definition 11.31 Then the c°°-topology on E is the 
final topology induced from all smooth curves / G C°°(Il, E). If ii^ is a Frechet space, then the 
c°°-topology is again a locally convex vector topology which coincides with the original topology 
[KM971 Th. 4.11]. li U C E is c°°-open, then f : U ^ F is said to be of class C°° or smooth if 

/4C°°(R,f/))CC°°(R,F), 

i.e. if / maps smooth curves to smooth curves. The chain rule |G102l Prop. 1.15] implies that 
each smooth map in the sense of Definition 11.31 is smooth in the convenient sense. On the other 
hand, [KM97[ Th. 12.8] implies that on a Frechet space a smooth map in the convenient sense 
is smooth in the sense of Definition 11.31 Hence for Frechet spaces, the two notions coincide. 

Remark 1.6 (Manifold with Corners). A d-dimensional manifold with corners is a paracompact 
topological space such that each point has a neighborhood that is homeomorphic to an open 
subset of 

R^ = {(xi, . . . , Xd) G R'' : x, > for aU i = 1, . . . , d} 

and such that the corresponding coordinate changes are smooth (cf. |Le03| V The crucial point 
here is the notion of smoothness for non-open domains. The usual notion is to define a map 
/ : A C R" -^ R'" to be smooth if for each x G A, there exists a neighborhood Ux of x which is 
open in R", and a smooth map fx '-Ux ^> R™ such that fx\Anu ~ f\Anu ■ 

A more general concept of manifolds with corners modeled on locally convex spaces can be 
found in IMi80| , |Wo06bj and [GN07 , along with the appropriate definitions of differentiable or 
smooth functions. Basically, in this setting, a map on a non-open domain with dense interior is 
defined to be smooth if it is smooth on the interior and differentials extend continuously to the 
boundary. 
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Remark 1.7 (Paracompact Spaces). We recall some basic facts from general topology. If X 
is a topological space, then a collection of subsets {Ui)i<^i of X is called locally finite if each 
X & X has a neighborhood that has non-empty intersection with only finitely many [7^, and 
X is called paracompact if each open cover has a locally finite refinement. If X is the union 
of countably many compact subsets, then it is called a-compact, and if each open cover has a 
countable subcover, it is called Lindelof. 

Now let M be a finite-dimensional manifold with corners, which is in particular locally com- 
pact and locally connected. For these spaces, Du66] Theorems XI.7.2+3] imply that M is 
paracompact if and only if each component is cr-compact, equivalently, Lindelof. Furthermore, 
[Du66 l Th. VIII. 2. 2] implies that M is normal in each of these cases. 

Definition 1.8 (Smooth Principal Bundle). If iiT is a Lie group and M is a smooth manifold 
with corners, then a continuous principal K-hundle over Af is called a smooth principal K -bundle 
over M (or shortly a smooth principal bundle) if the transition functions from Remark 11.21 are 
smooth for some choice of local trivializations. 

Remark 1.9 (Smooth Structure on Smooth Principal Bundles). If P is a smooth principal 
bundle, then we define on P the structure of a smooth manifold with corners by requiring the 
local trivializations 

a : v'\U,) ^ U, X K 

that define the smooth transition functions from Definition 11.81 to be diffeomorphisms. This 
actually defines a smooth structure on P, since it is covered by {ri^^{Ui))i^i and since the 
coordinate changes 

(c/, n Uj) X K ^{u^n Uj) x k, (x, k) ^ nj{n-\x, k)) = (x, %(x) • fc) 

are smooth because the fcy are assumed to be smooth. A continuous bundle map between smooth 
principal bundles is called a morphism of smooth principal bundles (or a smooth bundle map) if 
it is smooth with respect to the the smooth structure on the bundles just described. 

Remark 1. 10 (Bundle Equivalences). If V and V' are two principal X-bundles over M, then 
there exists an open cover {Ui)i^i of M such that we have local trivializations 

n,: V'\U,) ^ U, X K 
n[: T^'-\Ui) ^ U, X K 

for V and V' . In fact, if (V})je,/ and (V,', )j'gj' are locally trivial covers of M (for V and for 'P', 
respectively), then 

C^jny,0(„-')e.7x,7' 

is simultaneously a locally trivial cover for both V and V\ and the local trivializations are given 
by restricting the original ones. 

If Vk and Vk' are given by transition functions fcy and fc,-.- with respect to the same open cover 
{Ui)iei (i-e., kij : Ui O Uj ^ K and k^, : Ui n Uj -^ K), then a bundle equivalence fl : Pk -^ Pk' 
defines for each i £ I a continuous map 

(3) ^,:U,xK^K by n{[{i,x,k)]) = [{i,x,ip^{x,k))]. 

Furthermore, we have fiix, k) = ipi{x, e) ■ fc, since fl is assumed to satisfy n{p ■ k) = 0,{p) ■ k. 
Setting fi{x) :— ipi{x, e), we thus obtain continuous maps fi'.Ui—^K satisfying the compatibility 
condition 

(4) fj{x) = k'j^ix) ■ f,{x) ■ hj{x) for aU x&UiHUj, 

since [{i,x,k)] — [{j,x,kji{x)k)] has to be mapped to the same element of Pk' by Q. On the 
other hand, if for each i G / we have continuous maps fi'.Ui^K satisfying ^, then 

Pk 3 [{i, X, k)] h-> [{i, X, f^{x) ■ k)] E Pk' 
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defines a bundle equivalence between Vk and Vk' which covers the identity on M . 

If Vk and Vk' are smooth and the maps /cy and fc^ are smooth, then it follows directly from 
^ that a bundle equivalence described by continuous maps fi : Ui —^ K is smooth if and only 
if these maps are smooth. 

Lemma 1. 11 (Smooth and Continuous Homotopies Coincide). (JWo06a[ Cor. 12], JKM021) Let 
M be a finite- dimensional manifold with corners and N be a smooth manifold modeled on a locally 
convex space. If f : M ^> N is continuous, then there exists a continuous map F : [0, 1] xM ^ N 
such that F(0,x) — f{x) and F(l,-) : M —* N is sm,ooth. Furthermore, if f,g : M —>■ N are 
smooth and there exists a continuous homotopy between f and g, then there exists a smooth 
homotopy between f and g. 

Lemma 1.12 (Smooth Structures on Classifying Spaces). If K is a compact Lie group, then it 
has a smooth classifying bundle EK -^ BK (cf. \Hu94\ Ch. 4-11]), which is in general infinite- 
dimensional. 

Proof. Let Ok C GLfe(lR,) denote the orthogonal group. If k is sufficiently large, then we may 
identify K with a subgroup of Ok, and from StSlj Th. 19.6] we get the following formulae: 

EK ^lunOn/{On-k X id^k), 
BK=limOn/{On-k xK). 

Thus EK and BK are smooth manifolds by |G105l Th. 3.1], and since the action of K is smooth, 
it follows that EK -^ BK is a smooth iiT-principal bundle. D 

Proposition 1.13 (Smoothing Finite-Dimensional Principal Bundles). If V is a continuous 
principal K-bundle over M , K is a finite- dimensional Lie group and M is a finite- dimensional 
manifold with corners, then there exists a smooth bundle which is continuously equivalent to V . 
Moreover, two smooth principal K -bundles over M are smoothly equivalent if and only if they 
are continuously equivalent. 

Proof. Let C be a maximal compact subgroup oiK . Since K/C is contractible, there exists a C- 
reduction of V, i.e., we may choose a locally trivial open cover {Ui)i^i with transition functions 
kij that take values in C. They define a continuous principal C-bundle which is given by a 
classifying map f : M ^ BC. 

By Lemma ll. Ill / is homotopic to some smooth map f : M -^ BC which in turn determines 
a smooth principal C-bundle V over M given by smooth transition functions kij. Furthermore, 
since / and / are homotopic, V and V are equivalent, and we thus have a continuous bundle 
equivalence given by continuous mappings fi : Ui ^f K. The claim follows if we regard fcy , kij 
and fi as mappings into K . 

Since smooth bundles yield smooth classifying maps and smooth homotopies of classifying 
maps yield smooth bundle equivalences (all the constructions in the topological setting depend 
only on partitions of unity which we can assume to be smooth here), the second claim is also 
immediate. D 

II Equivalences of Smooth and Continuous Bundles 

In this section, we prove the two main results of this paper. We start with the description of 
two important tools: a proposition for smoothing continuous maps and a lemma for fading out 
continuous functions. Then we provide some technical data for the proofs, namely covers of the 
finite-dimensional paracompact base manifold with corners and suitable identity neighborhoods 
in the Lie group. On this basis, we finally prove our claims after outlining the underlying ideas 
in Remark Unol 
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Remark II. 1 (Topology on C{X, G)). If X is a HausdorfF space and G is a topological group, 
then C{X, G)c denotes the topological group of continuous functions with respect to pointwise 
multiplication and the topology of compact convergence. A basic open identity neighborhood in 
this topology is given by 

[C,W\ ■.= {feC{X,G):f{C)CW} 

for a compact subset C C X and an open identity neighborhood VK C G. 

Proposition II. 2 (Smoothing). Let M be a finite- dimensional manifold with corners, K a Lie 
group modeled on a locally convex space and f G C{M,K). Lf A <Z M is closed and U C AL is 
open such that f is smooth on a neighborhood of A\U , then each open neighborhood O of f in 
C{M,K)c contains a map g which is smooth on a neighborhood of A and equals f on M \ U. 

Proof. This is |Wo06al Cor. 12], also see [Ne02l Th. A.3.3] or [Hi76l Th. 2.5]. D 

Remark II. 3 (Centered Chart, Convex Subset). Let K he a. Lie group modeled on a locally 
convex topological vector space E. A chart (f : W ^ 'p{W) C E with e eW and <f(e) = is 
called a centered chart. A subset L of M^ is called Lp-convex if it is identified with a convex subset 
^p{L) in E. If W itself is (/^-convex, we speak of a convex centered chart. 

It is clear that every open identity neighborhood in K contains a t/j-convex open neighborhood 
for some centered chart ^p^ because we can pull back any convex open neighborhood that is small 
enough from the underlying locally convex vector space. 

Lemma II. 4 (Fading-Out). Let M be a finite- dimensional manifold with corners, A and B be 
closed subsets satisfying B C A^ , (p : W ^ </'(W^) be a convex centered chart of a Lie group K 
modeled on a locally convex space, and f : A —* W be a continuous function. Then there is a 
continuous function F : M ^ W C K that coincides with f on an open neighborhood of B and 
is the identity on an open neighborhood of M \ A'^ . Moreover, F can be chosen in a way that 
if W' C W is another ip-convex set containing e, then f{x) £ W' implies F{x) £ W for each 
X £ A, and if f is smooth on an open set U Q A, then F is also smooth on U. 

Proof. Since M is paracompact and the closed sets M \ A° and B are disjoint by assumption, 
there exists a smooth map A : M -^ [0, 1] such that A is identically 1 on a neighborhood of B and 
is identically on a neighborhood of M \ A" (see |Hi76[ Th. 2.1]). Since ip{W) is a convex zero 
neighborhood in E, we have [0, 1] • (p{W) C (p{W). We use this to define the continuous function 



fx:A^W, x^ip-'(^X{x)-cp{f{x))y 



that coincides, by the choice of A, with f on M \ supp(l — A) C _B and is identically e on 
M \ supp(A) ^ M \ A". So we may extend f\ to the continuous function 



' !_ e, li X e M\A^ 



that satisfies all requirements. D 

Lemma II. 5 (Squeezing- in Manifolds with Corners). Let W be an open neighborhood of a point 
X in M!^ (cf. Remark \I.6\) and C QW be a compact set containing x. Then there exists an open 
set V satisfying xeGCl/cycM/ whose closure V is a compact manifold with corners. 

Proof. For every x = (xi, . . . , Xd) £ G, there is an e^, > such that 

(5) B{x, e) := [xi - e^^, a;i -I- e^^] x • • • x [xd - £x, Xd + Sx] n ]R+ 

is contained in W . The interiors Vx :— B{x, Sx)'^ in R^ form an open cover of the compact set G, 
of which we may choose a finite subcollection (Vxi)i=i^...^m covering G. The union V :— IJj^]^ V^. 
satisfies all requirements. In particular, ^ is a compact manifold with corners, because it is a 
finite union of cubes whose sides are orthogonal to the coordinate axes. D 
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Proposition II. 6 (Nested Covers). Let M be a connected finite- dimensional manifold with 
corners and {Uj)j^j be an open cover of M . Then there exist countable open covers (C/j ) . ^^ 

and (Ul ) of AI such that U,^ :~ C/j and U^ := U\ are compact manifolds with corners, 

C/j C U\ for all i e M, and such that even the cover {U^ ),-^-^ of M by compact sets is locally 
finite and subordinate to (Uj)j£j. 

In this situation, let L be any countable subset of the open interval (0, oo). Then for every 
A G i, there exists a countable, locally finite cover ([/| ) of M by open sets whose closures 

are compact manifolds with corners such that U ^ C Ul holds whenever < /i < A < oo. 

Proof. For every x G M, we have x G C^jXa;) for some i{x) G J. Let {Ux,fx) be a chart of M 
around x such that Ux Q t^j(x)- We can even find an open neighborhood 14 of x whose closure 
Vx is compact and contained in Ux- Since M is paracompact, the open cover {Vx^ ,., has a 
locally finite subordinated cover (Vi)ig/, where Vi QVx and Vi C 14 C Ux for suitable x — x{i). 
Since M is also Lindelof, we may assume that / = IN. 

To find suitable covers U^ and U\ , we are going to enlarge the sets Vi so carefully in two 
steps that the resulting covers remain locally finite. More precisely, Ul and U\ will be defined 
inductively so that even the family {V^)keK with 

Vi, := I ^f iork<2 
I Vfe for k > i 

is still a locally finite cover of M for every i G INq- We already know this for i = 0, because 
V^° — Vk for all A: G IN. For i > 0, we proceed by induction. 

For every point y £ Vi, there is an open neighborhood Vi_y of y inside L4(i) whose intersection 
with just finitely many V,*~ is non-empty. Under the chart (px{i), this neighborhood Vi^y is 
mapped to an open neighborhood of ^Px(i){y) in the modeling space E,^ of M. There exist real 
numbers £0(2/) > £00(2/) > such that the cubes B{y,Sooiy)) ^^'^ B{y,eo{y)) introduced in ([5]) 
arc compact neighborhoods of ^Px(i){y) contained in ipxU){Vi^y). Since Vi is compact, it is covered 
by finitely many sets Vi^y, say by {Vi^y)y(zY for a finite subset Y of Vi. We define the open sets 

f^l°°' ■■- U V^^ {B{y,eUv)f) and C/f := \J ^^^^^ (S(y,£o(2;))°) , 

yeY y£Y 

whose closures are compact manifolds with corners, because they are a finite union of cubes 
under the chart ipx{i)- On the one hand, the construction guarantees 

y. c c/j-l c Ul-l c [/f 1 c Ufl c U ^,, c t/.(,. 

yeY 

On the other hand, the cover (V^:) , -^ is locally finite, because it differs from the locally finite 

cover (Vfe*"^)j,gj^ in the single set F/ = C7- . 

For a proof of the second claim, we fix an enumeration Ai,A2,... of i for an inductive 

construction of the covers. Then for any n > 1 and i G IN, we apply Lemma III. 5l to C :— fiijJi ) 

and W := tpi(U~^), where A (resp. A) is the smallest (resp. largest) element of Ai,...,A„_i 

larger than (resp. smaller than) A„ for n > 1 and 00 (resp. 0) for n — 1. We get open sets C/| " 

such that the condition t/j C Ul holds whenever < /i < A < 00 are elements in {Ai, . . . , A„}, 
and eventually in L. This completes the proof. D 

Remark II. 7 (Locally Finite Covers by Compact Sets). If {Ui^^j is a locally finite cover of 
M by compact sets, then for fixed i £ I, the intersection Ui D Uj is non-empty for only finitely 
many j G /. Indeed, for every x G Ui, there is an open neighborhood Ux of x such that 
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Ix := { j e / : t/^: n U j ^ 0} is finite. Since Ui is compact, it is covered by finitely many of these 
sets, say by Ux^ ■ ■ ■ , Ux„- Then J :— Ix^ U ■ • ■ U /^^ is the finite set of indices j € J such that 
Ui n Uj is non-empty, proving the claim. 

Remark II. 8 (Intersections). From now on, multiple lower indices on subsets of M always 
indicate intersections, namely Ui...r :— Ui C] . . . H Ur- 

Lemma II. 9 (Suitable Identity Neighborhoods). Let M he a finite- dimensional manifold with 
corners that is covered locally finitely by countably many compact sets CUi). -r^. Moreover, let 

kij ■ Uij ^ K be continuous functions into a Lie group K so that kij = k~^ holds for all 
i,j G K. Then for any convex centered chart ip : W —> ^p{W) of K , each sequence of open 
unit neighborhoods {W'Ajt^^ with W^ C W and each a G IN, there are tp-convex open identity 
neighborhoods W^ CW in K for indices i < j and W" C Wj for j G IN that satisfy 

(6) kji{x) ■ (W^;^)-^ • W," ■ hj{x) C W^ for all x G U^Ja and i < j, 

(7) k,,{x) ■ (VK^)-^ • W°; • %(a;) C W7„ for all x G !/„„„ and i < j < n 

Proof. Inititally, we set Wf^ := Wl for all i, respectively W^ := W for all i < j, disregarding 
the conditions (O and ([7]). These sets are shrinked later so that they satisfy (O and ([T])- 

Our first goal is to satisfy (O. We note that the condition in ^ becomes trivial if Uja is 
empty, because this implies Uija =0- So we need to consider at most finitely many conditions © 
corresponding to the finitely many j G IN such that Uja 7^ 0, and we deal with those inductively 
in decreasing order of j, starting with the maximal such index. 

For fixed j and all i < j with Uija 7^ 9, we describe below how to make the iy9-convex identity 
neighborhoods Wf' and W" on the left hand side smaller so that the corresponding conditions 
© are satisfied. Making W^ and W" smaller does not compromise any conditions on W^, and 
Wp for j' > j that we guaranteed before, because these sets can only appear on the left hand 
side of such conditions. 

To satisfy condition ^ for given i < j and VF." , we note that the function 

(fij : Uija 'X- K X K ^ K, {x,k, k') t-^ kji{x) ■ k^ ■ k' ■ kij{x) 

is continuous and maps all the points {x,e,e) for x G Uija to the identity e in K . Hence we may 
choose open neighborhoods Ux of x and (^-convex open identity neighborhoods Wx C W.^ and 
Wx C W" such that ipij{Ux x Wx x Wx) C W". Since Uija is compact, it is covered by finitely 
many Ux, say by {Ux)x£F for a finite set F C Uija- Then we replace W," and W" by their 
subsets PlxeF^x ^^^ Hx^f^xj respectively, which are (^-convex open identity neighborhoods 
such that ipij{Uija x W°!j x W") C W", in other words, (O is satisfied 

Our second goal is to make the sets W°!j also satisfy (O, which is non-trivial for the finitely 
many triples {i,j,n) G W'^ with i < j < n that satisfy Uijna 7^ 0- We can argue as above, except 
for a slightly more complicated order of processing the sets VF"^ on the right hand side. Namely, 
we define the following total order 

(8) {i,j) < {i\ f) :^ j < j' or (j = f and i < i') 

on pairs of real numbers, in particular on pairs of indices {i,j) in IN^ x IN^ with i < j. Note that 
this guarantees {i,j) < (j, ?^) and {i,n) < (j,n) whenever i,j,n are as in condition ([7]). We 
process the pairs (j, n) with Uijna 7^ for some i in descending order, starting with the maximal 
such pair. At each step, we fix W°^ and make W^ and W^ smaller for all relevant i < j so that 
^ is satisfied. This does not violate any conditions ([61) or ([7]) that we guaranteed earlier in the 
process, because Wf' and W^ can only appear on the left hand side of such conditions. For the 
choice of the smaller identity neighborhoods, we use the continuous function 

^ijn ■ U ijna X K X K > -fV , (x, k,k ) \ > kji[X) ■ K ■ K ■ kij[X) 

and the compactness of Uijna and argue as before. We thus accomplish our second goal. D 
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Remark 11.10 (Outline of the Proofs). Although the proofs of our main results are quite 
technical, the underlying ideas are easy to explain. The following two theorems require us to 
construct principal bundles and/or equivalences between them, and we always do so locally on 
countable covers of the base manifold by induction. In these constructions, every new transition 
function (respectively, every new local representative of an equivalence) 

• is already determined by cocycle conditions (respectively, by compatibility conditions) on 
a subset of its domain, 

• from which it will be "faded out" to a continuous function on the whole domain 

• and smoothed, if necessary. 

In each such step, we need a safety margin to modify the functions without compromising 
previous achievements too much, and these safety margins are the nested open covers provided 
by Proposition lII.6l In order to "fade out" appropriately, we need to make sure that the values of 
the corresponding functions stay in certain identity neighborhoods of the structure group. This 
is achieved with the data from Lemma III. 91 

Theorem 11.11 (Smoothing Continuous Principal Bundles). Let K be a Lie group modeled on 
a locally convex space, M he a finite- dimensional connected paracompact manifold with corners 
and V be a continuous principal K -bundle over M. IJ C Q M is closed and the restriction of V 
to some open neighborhood of C is smooth, then there exists an open neighborhood T of C such 
that the restriction V\rp extends to a smooth principal K-bundle V over M , in the sense that 
'P\rp is a K -invariant open subset ofV and the K -action and bundle projection from V\rp extend 
to the ones on V . Furthermore, there exists a continuous bundle equivalence fl : P ^ P, which 
restricts to the identity on rj~^{T). 



Proof. We assume that the continuous bundle V is given by Vk as in Remark lL2l where {Uj)j,zj 
is a locally trivial cover of M and kij : Uij -^ K are continuous transition functions that satisfy 
the cocycle condition kij ■ fcj„ = kin pointwise on Uijn- That V is smooth on a neighborhood of 
C implies that there exists an open neighborhood S* of C such that the restriction of each kij to 
Uij n 5 is smooth. In fact, let S' be an open neighborhood of C such that V\g, is smooth. Since 
M is normal (see Remark IL7|. we find open sets S,T <Z M that satisfy CCTCTCS'C^CS", 
which we fix from now on. In addition, there exists a locally trivial cover of S", together with 
local trivialisations, such that the resulting transition functions are smooth. Restricting the 
continuous transition functions of an arbitrary locally trivial cover to the complement of S, adding 
the smooth ones and the ones induced by the cocycle condition yields the desired collection of 
transition functions. 

Proposition III. 61 vields open covers {Ui).^ and [ul )^^^ of M subordinate to {Uj)j,^j 

with C/j C C/| for all i G M. For every i e M, we denote by Ui an open set of the cover 

{Uj)j^j that contains C/j and observe that (C/i)ig]N is still a locally trivial open cover of M. In 
our construction, we need open covers not only for pairs (j, n) G M x IN with j < n, but also 
for pairs (j — 1/3, n), (j — 2/3, n) in-between and {n,n) to enable continuous extensions and 
smoothing. The function 

( 1 ^ n(n - 1) 

A : |(j,n) e -Mo X IN : J < n| ^ [0,^), X{j,n) = ^ ^ ' + j, 

is tailored to map the pairs (0, 1), (1, 1), (1, 2), (2, 2), (1, 3), (2, 3), (3, 3), (1, 4), . . . to the integers 
0, 1, 2, ... , respectively, and the other pairs in-between. If we apply the second part of Proposition 
IIL6l to the countable subset L := (im A) \ {0} of (0, oo), we get open sets C/j :— Ul for all 

pairs (j, n) in the domain of A such that (t/j ) -^ are again locally finite covers. We note that 

(j, "-) < (/, "') in the sense of ([8]) imphes C/j^ " ' C [/|^"1 . 

Let (fi : W ^ 'fiiW) be an arbitrary convex centered chart of K and consider the countable 

compact cover (U^ ) of M and the restrictions kij \jj[o] of the continuous transition functions 
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to the corresponding intersections. Then Lemma III. 9) apphed to the sequence of open unit 
neighborhoods which is constantly W, yields open (/s-convex identity neighborhoods W"j and 
W°' with the corresponding properties. 

Our first goal is the construction of smooth maps fcy : C/j- — > K that satisfy the cocycle 

condition on the open cover (Ul°° ) -^ of M, which uniquely determines a smooth principal K- 

bundle Vr by Remarks II. 21 and II. 91 Furthermore, we shall construct fcy in a way that guarantees 



kij 



ulf nr ~ ^'' 



u\°}nT 



ensuring that we may view V-Aj, as a subset of Vk- These maps kij will be constructed step-by- 
step in increasing order with respect to ([HI), starting with the minimal index (1, 2). At all times 
during the construction, the conditions 

(a) kjn — kji ■ kin pointwise on £/,,.„ for all i < j < n in M, 

(b) (fcj„ • k„j) (U^jni) ^ W^n for all j <n and a in IN and 



(c) kjn 



— h 

rni — 7^ 



ul°}nT 



for all j, 71 e IN 



will be satisfied whenever all kij involved have already been constructed. We are now going to 
construct the smooth maps kjn for indices j < ri in IN (and implicitly knj as knj{x) := kjn{x)^^), 
assuming that this has already been done for pairs of indices smaller than (j, n). 



• To satisfy all relevant cocycle conditions, we start with 

kjn ■ U Uijn '" -^ K, k'jnix) := kji{x) ■ hn{x) for X G [/ 



ijn 
i<j 



This function is well-defined, because the cocycle conditions (jg) for lower indices assert 
that for any indices i' < i < j and any point x G t/^/.>i ' H U ^^a^ ' , we have 



because U iiijn is contained in both C/j/^ and U iiin- Furthermore, A:'„ coincides with kjn 
on Ui<j Vijn ^ n r as k'j^{x) = kji{x) ■ kin{x) = fcji(x) • fci„(x) = kjn{x). 

Next, we want to extend the map fc'„ on lJi<i ^ijn to a continuous map fc'„ on f/-J 
without compromising the cocycle conditions too much. To do this, we consider the function 

ipjn ■= k'jn ' ^rij '■ Ui<j Uj jn ~^ K- Fo^' ^11 i < j, « S IN and X e Uijna J Conditions © 
above and ([T]) of Lemma JlHI imply 

'fijn(x) = {kjj^knj)(X) ^ Kji[X) ■ ( (fCjj • kji)[X) J ■ [kin ' kni){X) ■kijix) 

ew°-- ew°, 

because Uijna is contained in both C/^^ and C/j„q,. Since the values of (pjn are contained 
in particular in the identity neighborhood W, we may apply Lemma III. 41 to M := [/J 

and its subsets A := Ui<7 ^ijn ' ^-nd B := Ui<i t^ijn ' ■ This yields a continuous 
function $j„ : [/-J ^ W^ that coincides with ipjn on a neighborhood of _B, is the identity 
on a neighborhood of Ujn \ A° and satisfies ^jn{x) G Wj^ for all a: £ Ujna ' ■ We define 
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Kn '■ Ujn -^ K hy k'p^ := ^jnkjn and note that fc'„ coincides with the smooth function 
^'„ on a neighborhood of B and with kjn on a neighborhood of C/-J \ A^ . In addition, 
^jn is the identity on A n T, because A:'„ and fcj„ coincide there. Furthermore, by the last 
conclusion from Lemma [11.41 <i>j„ is smooth on C/JJ n S, because fc'„ and fc„j are smooth 



on A'' n 5 and <i>j„ is the identity on an open neighborhood of t/jj \ A°. Consequently, fcj„ 
coincides with kjn on [/J n T and is smooth on C/-J n S", which is an open neighborhood 

ofc/^nr. 

We finally get the smooth map kjn : C/-J —> iiT that we are looking for if we apply 
Proposition III. 21 to the function fc'„ on M := A := C^jJ, to the open complement U of 
U,<j C/j;^^^^^^"' U ([/]"' nT) in M, and to the neighborhood 



0,n:=lf] [ul:lw^\-k,„ 



of both kjn and fc'„, where /c'„ € Oj„ follows from firstly $j„(a;) £ Vt^^j and secondly 

kjnix) — ^jn{x) ■ kjn{x) S W^n ' kjn{x) for aU X G C/jCj • Notc that Ojn is really open, 

because Remark III. 71 asserts that just finitely many of the sets U jna for fixed a G IN are 
non-empty and may influence the intersection. 

By the choice of U, the result kjn coincides with both fc^„ and fc^„ on IJi<i ^ijn ' so it sat- 
isfies the cocycle conditions (g}. It also satisfies (|b| by the choice of Ojn and, furthermore, 
(jcj) , because kjn coincides with fc^„ on [/j J n T by the choice of U and fc^„ coincides with 
k,n on Uf} n T. 

This concludes the construction of the smooth principal if-bundle P^. Since 

we may view V^\ -wj^-, as the subset "PfeL-i/T-) oiVk- We use the same covers of M and identity 
neighborhoods in K for the construction of continuous functions fi :U^ -^ K such that 

:\nn\ 



(d) /„ = knj ■ fj ■ kjn pointwise on [/ „ for all j < n in IN, 

(e) fn{Unl) ^ W^" for all a, n e IN and 



(f) fn{U^n n T) = {e} for all n e M. 

Then Remark ll. 101 tells us that the restriction of the maps fi to the sets [/|°° of the open cover is 
the local description of a bundle equivalence fi : P^ ^ Pj. Indeed, all the sets C/ ■„ of condition 

(|d| contain the corresponding sets C/,-^ of the open cover. Furthermore, condition Q implies 
that the restriction of fl to ri^^{T) is the identity. 

We start with the constant function /i = e, which clearly satisfies conditions (je} and (jj. 
Then we construct /„ for n > 1 inductively as follows: 



• To satisfy condition ([d|), we start with 



/n • U ^/»" "" ^' -^"(^^ " fcnj(a;) • /,(x) • kjn{x) for X e C/j 
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This continuous function is well-defined, because the conditions ([d]) for fj on [/,,/,„ C C/ , ■ 
and (ja} for j' < j < n on C/j/j„ guarantee that 

f^njKX) ■ Jj\X) ■ Kjn(X) = Knj{X) ■ kjji(X) ■ J,ji(X) ■ Kjij(X) ■ Kjn{X) = Knj'\X) ■ Jji{X) ■ Kjin\X} 

holds for all x e Uj,j,^. In addition, //^ is the identity on IJ <„ C/j„ n T by conditions ^ 
and jfl. 

• To apply Lemma IIL4( we need to know something about the values of /^. For arbitrary 
a e IN and x e C^,„a' conditions ([b|, (|l|), and ^ of Lemma [11.91 imply 

Jn\-^) ^^ '^nj(X) • Jj(X) ■ Kjn(X) = Knj{X) ■ \^Kjn(X) ■ Knj(X)j ■ Jj\X) ■ kjn\X) 

so that the values of //^ are, altogether, contained in the identity neighborhood W of K. 
If we apply Lemma lil.4l to M := ?7„ , to /^ on A :— lJi<n ^jn ^'^'^ to the smaller set 

B :— [jj^n ^ jn ' tli^"^ ^^ gst a continuous function /„ : C/„ ^ W, which satisfies the 
conditions ([d|, (jl|) and Q. 

This concludes the construction of the bundle equivalence. D 

Theorem 11.12 (Smoothing Continuous Bundle Equivalences). Let V and V' he smooth princi- 
pal K -bundles over the finite- dimensional connected paracompact manifold with corners M and 
let Q : P —> P' be a continuous bundle equivalence. If C C M is closed and f2 is smooth on 
an open neighborhood ofr]~^(C), then there exists an open neighborhood T of C and a smooth 
bundle equivalence il : P ^ P' with fll , ,„, = f7 , ,^s. 



Proof. Let {Uj)j^j be an open cover of M that is locally trivial for both bundles P and V' . 

olrlc lr\r'alli7- fnnifo riTM^n r-mrOT-o I T 7^ ^ \ i^l iv± i^i^l ^ \ f^L \ ,'\ \^ t yj i,^vy f i._^ i j_ — i 



Proposition |TL6] yields locally finite open covers ([/| ) pw of -^^ f^'' every A e {0, cxo} U (l + ^f^) 



such that the closures U^ are compact manifolds with corners and 

holds for all i,j e I^, where [/^ denotes a suitable set of the cover {Uj)j^j for every i G M. 
According to Remarks lI.2l and [L9l we may then describe the smooth bundles V and 7-" by smooth 
transition functions k ~ {liij)i.ieK and fc' — (k[!)i_j^^ on the open cover (C/i)ig]N, equivalently, 

by their restrictions to any open cover \U\ ) -^ from above. In these local descriptions of the 
bundles, the bundle equivalence fi can, as in Remark II. 10|, be seen as a family fi : Ui ^ K oi 
continuous maps for i G M that satisfy 

(9) fj{x) — kji{x) ■ fi{x) ■ kij{x) for all i, j G INf and x G Uij. 

Let S* C Af be an open neighborhood of C such that il\g is smooth. This means that the 
restriction of each fi to Ui <! S is smooth. In addition, there exists an open neighborhood T of 
C with T C S since M is normal (see Remark ll.7|) . 

We shall inductively construct smooth maps ft : U^ -^ K such that 

(a) fj — k'^^ ■ fi ■ kij pointwise on C/y for all i < j in K, 

(b) {I ■ /r') (^Ici) ^ Wf for all i,aeB and 



(c) /. 



ftyo]^^ for aUi gM 
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are satisfied at each step, where the W" are (p-convex identity neighborhoods provided by Lemma 
III.9l that we apply to the countable compact cover (U^ ) -^, to the transition functions fc^ -, to a 
convex centered chart (p : W ^ 'fiiW) of K and to the sequence of unit neighborhoods which is 
constantly W (we do not need the W^ in this proof). These maps fi describe a smooth bundle 

equivalence between V and V' when restricted to the open cover (t/j ) . ^, because (jlj) asserts 

that fj = fc'j • fl ■ kij is satisfied on f/,-°° for all i < j, in particular. 

To construct the smooth function fi : Ui — > K, we apply Proposition [TL2] to the continuous 

map / := /i on M :— Ui , the closed set A :— U^ n T, the open set U :— U^ \T and to the 
open neighborhood 

of /i, which is indeed open, since only finitely many U-^^ are non-empty by Remark III. 71 By 

construction, /i satisfies (|b]) and (jg). To construct the smooth function fj : [/ ^ K inductively 
for j > 1, we need the usual three steps: 

• In order to satisfy ([b| in the end, we define a continuous map 

If X is an element of both C/j- and C/j/ ■ for i' < i < j, condition (ja() for j — 1 
and the cocycle conditions of both k and k' assert that the so-defined values for fj{x) 
agree. Furthermore, the compatibility condition together with condition Q ensure that /,' 

h" — 1] 

coincides with fj on lJi<7- ^ij ^ ^■ 

• This definition of /', along with Q and property ^ in Lemma [11.91 assert that 

ip,{x) := f'^ixyf,{x)-' = ^M-M^)-hA^yfji^r' = k'.ri^yM^) ■ M^r' -ka^) & w^ 

v 

holds for all x G Uj_j^ , i < j and a in M. So we may apply Lemma [lL4l to A :— lJi<i ^ij 
and B := lJi<, ^ij to fade out ipj to a continuous map ^j on M := [/ . Then $j 

coincides with 1^9^ on B and maps C/ -^ into W". Since /' coincides with fj on A n T, ipj 
and, consequently, ^j is the identity on (A n T) U ([/,- \yl). Furthermore, (pj is smooth on 
A° n S, because so are all its constituents, and on a neighborhood of C/, \ A'^, because it 
is the identity there. By the last conclusion of Lemma [11.41 ^j is smooth on Uj fl 5. 

• Accordingly, $j • fj is an element of the open (due to Remark III.7P neighborhood 



or-n \utw^\-fj 



of fj and is smooth on Ui<, C^lf and on [/ fl 5*. If we apply Proposition III. 21 to 

M := A := uf, U -.^ M \ (t U Uj<j U^'j'^^^^Y O,, and to / := $j • fj, then we obtain a 
smooth map fj : Uj -^ K. 

The map fj satisfies (Q, because so does /', with which it coincides on lJi<7 ^ij ■ Moreover, ((b]) 
is satisfied due to the choice of Oj. So is (jcj), because $j is the identity on Uj fl T and ^j ■ fj 
remains unchanged on M\U D U, CiT in the last step. This concludes the construction. D 
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Corollary 11.13 (Equivalences of Smooth and Continuous Bundles). Let K be a Lie group 
modeled on a locally convex space and M be a finite- dimensional connected manifold with corners. 
Then each continuous principal I'C -bundle over M is continuously equivalent to a smooth principal 
bundle. Moreover, two smooth principal K -bundles over M are smoothly equivalent if and only 
if they are continuously equivalent. 

Proof. The first statement is Theorem III. ll) applied to C = 0. In the same way, the second 
assertion follows from Theorem III. 121 D 

III Related Topics 

In this section, we explain the relations of the results of the preceding section to the problem of 
extending bundles from submanifolds, to non-abelian Cech cohomology and to twisted X-theory. 
One encounters the first situation, e.g., in the construction of topological field theories. While 
non-abelian Cech cohomology is only an equivalent sheaf-theoretic framework for the problem, 
we show in the end how applications arise in twisted X-theory 

Corollary III.l (Extending Smooth Bundles from Submanifolds). Let K be a Lie group modeled 
on a locally convex space, M be a finite- dimensional connected manifold without corners and V 
be a continuous principal bundle over M. If C is a submanifold of M and the restricted bundle 
V\(j is smooth, then VIq extends to a smooth principal K-bundle V over M . 

Proof. We shall use a tubular neighborhood of C to smooth V on an open neighborhood of C 
and then apply Theorem III. Ill The Tubular Neighborhood Theorem (see 'La99', Sect. IV. 5]) 
yields a diffeomorphism Lp : M^ ^ U C. N(C), where N(C) is the normal bundle of C and U is 
an open neighborhood of the zero section in N(C). In addition, we may assume that i • [/ C [/ 
for any t G [0, 1]. Furthermore, (p satisfies ip\(j = idp if we identify C with the zero section in 
N(C), which yields ip{x) = {x,0) for x £ C. 

Now, take an open neighborhood U' of C such that [/' C ip'^{U) and let X : M ^ [0, 1] be 
a smooth function with / = 1 on a neighborhood of U' and / = on a neighborhood of AI \ U. 
Then 

ip-Hii - 1 ■ X{x))ip{x)) iixeU 



F:[0,l]xAf^M, it,x).-^, ^ .^^^^ 

is smooth, since A equals 1 on a neighborhood of M \ U. 

In virtue of F(0, •) — idM, the pull-back bundle F(0, -yiV) equals V. Since puUing back bun- 
dles along homotopic maps yields equivalent bundles, V :— F{1, ■)*{V) is continuously equivalent 
to V. Furthermore, ip{x) = (x,0) for a; £ C implies F(l,-)|p — idc, so V extends 'P\(j. In 
addition, we deduce that V is smooth on U' , since X{x) = 1 if a; g C/' implies F(l, x) G C and 
thus the smooth function F{l,-)\^, takes values in C. Now, Theorem III. Ill applied to V, the 
closed subset C of M and the open neighborhood U' of C, yields the assertion. D 

Remark III. 2 (Gluing bundles along collars). The construction from the preceding corollary 
also applies to manifolds with corners and submanifolds of them. Appropriate notions of subman- 
ifolds and corresponding tubular neighborhood theorems are supplied in [Ce61| . In particular, 
this shows that one can glue together smooth principal bundles along collars of two manifolds 
with boundary. 

Remark III. 3 (Abelian Cech Cohomology). Let M be a paracompact topological space with an 
open cover U — {Ui)i^i and A be an abelian topological group. Then for n > 0, an n-cochain f is 
a collection of continuous functions fi^...i^^^ '■ CAj...i„^j — > A, and we denote the set of n-cochains 
by C"{h{, A) and set it to {0} if n < 0. We then define the boundary operator 

n 

Sn:C-{U,A)^C-+\U,A), 5{f)^o^^...^.,^ ^Y.^~lf f,,...r,...^^^,^ 

k=0 
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where ik means that we omit the index ik- Then (5„+i o Sn — 0, and we define 
(10) H^{U, A) := kcr{Sn)/ im(^„_i) and H^(M, A) := hm Hl'{U, A). 

The group H^{M,A) is the n-th continuous Cech cohomology. If, in addition, M is a smooth 
manifold with or without corners and A is a Lie group, then the same construction with smooth 
instead of continuous functions leads to the corresponding n-th smooth Cech cohomology. 

Remark III.4 (Non-Abehan Cech Cohomology). (cf. [DeSSJ Sect. 12] and |GM991 3.2.3]) If 
n = 0, 1, then we can perform a similar construction as in the previous remark in the case of a 
not necessarily abelian group K . The definition of an n-cochain is the same as in the commutative 
case, but we run into problems when writing down the boundary operator S. However, we may 
define So{f)ij = fi • f~ , Si{k)iji — kij ■ kji ■ ku and call the elements of 6^ ({e}) 2-cocycles (or 
cocycles, for short). 

The way to circumvent difficulties for n = 1 is the observation that even in the non-abelian 
case, C],{U^ K) acts on cocycles by (/i, kij) h^ fi ■ kij ■ f~^. Thus we define two cocycles kij and 
klj to be equivalent if k'^j = fi ■ kij ■ /-"^ on Uij for some fi e C^{L(,K), and by H^{U,K) the 
equivalence classes (or the orbit space) of this action. Then H^{U,K) is not a group, but we 
may nevertheless take the direct limit 

Hl{M,K) :=lim H}^{U,K) 

of sets and define it to be the P* (non-abelian) continuous Cech cohomology of A/ with coefficients 
in if . A representing space of H^ (M, K) would then be the set of equivalence classes of continuous 
principal iiT-bundles over M . 

Again, if M is a smooth manifold with corners and X is a Lie group, we can adopt this 
construction to define the 1"* (non-abelian) smooth Cech cohomology Hl{M,K). 

Theorem III. 5 (Isomorphism for Non- Abelian Cech Cohomology). If M is a finite- dimensional 
connected manifold with corners and K is a Lie group modeled on a locally convex space, then 
the canonical map 

i:Hl{M,K)^Hl{M,K) 

is a bijection. 

Proof. We identify smooth and continuous principal bundles with Cech 1-cocycles and smooth 
and continuous bundle equivalences with Cech 0-cochains as in Remark ll.lOl For each open cover 
U of M, we have the canonical map Hl{U,K) -^ H^{U,K). Now each cocycle kij : Uij — > K 
defines a principal bundle V with locally trivial cover U. We may assume by Corollary III. 131 
that V is continuously equivalent to a smooth principal bundle V, and thus that U is also a 
locally trivial covering for V. This shows that the map is surjective, and the injectivity follows 
from Corollary III. 131 in the same way. Accordingly, the map induced on the direct limit is a 
bijection. D 

Remark III. 6 (The Projective Unitary Group). Let W be a separable infinite-dimensional 
Hilbert space and denote by U(7Y) the group of unitary operators. If we equip U(7i) with the 
norm topology, then the exponential series, restricted to skew- self- adjoint operators L(U(7Y)), 
induces a Banach-Lie group structure on U(H) (cf. [Mi84l Ex. 1.1]). Then U(l) = z{u{n)), 
and it can also be shown that PU(7i) := U(7i)/U(l) is a Lie group modeled on L(U(7i))/iR. 

Remark III. 7 (Eilenberg-MacLane Spaces). If X is a topological space with trivial n-th ho- 
motopy group 7r„(X) for all but one n G IN, then it is called an Eilenberg-MacLane space 
K{n,TTn{X)). Since U(l) is a K{1,1,), the long exact homotopy sequence [Br93i Th. VII. 6. 7] 
shows that P\J{H) is a K{2, Z), since U(7Y) is contractible [Ku651 Th. 3]. By the same argument, 
the classifying space B PU(7Y) is a K{3, %), since its total space E PU(H) is contractible. Thus 
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by [Br93|, Cor. VII. 13. 16]. The representing class [P] in H^(M, Z) is called the Dixmier-Douady 
class of V (cf. |CCM98J . [DD63| ) . It describes the obstruction of V to be the projectivization of 
an (automatically trivial) principal U(7^)-bundle. 

Corollary III. 8 (Smoothing PU(?t)-bundles). If M is a finite- dimensional connected manifold 
with corners, then 

H^iM, Z) = Hl{M, PU(H)) = Hl{M, PU(H)). 

Remark III.9 (Twisted K-Theory). (cf. [RoSOl Sect. 2], |BCM+02] 1 The Dixmier-Douady class 
of a principal PU(?i)-bundle over M induces a twisting of the iC-theory of M in the following 
manner. For any paracompact space, the X-theory K^{M) is defined to be the Grothendieck 
group of the monoid of equivalence classes of finite-dimensional complex vector bundles over X, 
where addition and multiplication is defined by taking direct sums and tensor products of vector 
bundles |Hu94| . Furthermore, the space of Fredholm operators Fred(7i) is a representing space 
for iiT-theory, i.e. K^{M) = [M, Fred('H)], where [•, •] denotes homotopy classes of continuous 
maps. Since PU('H) acts (continuously) on Fred('H) by conjugation, we can form the associated 
vector bundle "pFrodCH) := Fred('H) Xpuc^)?^. Then the homotopy classes of sections [M, PpredCH)] 
(or equivalently, the equivariant homotopy classes of equivariant maps [PFred('H)7Fred(7i)]^^'-^-') 



define the twisted K -theory K-p{M). Now Corollarv lII.131 implies that we may assume V to be 
smooth. Since the action of PU(H) on Fred(H) is locally given by conjugation, it is smooth 
(recall that Fred(W) is an open subset of B{H), giving it a natural manifold structure), whence 
is 'PFiod('H)- Due to Lemma ll. Ill we may, in the computation of AV(Af), restrict our attention 
to smooth sections and smooth homotopies. 
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